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Abstract
Extriangulated categories were introduced by Nakaoka and Palu as a simultaneous
generalization of exact categories and triangulated categories. A notion of proper
class in an extriangulated category is defined in this paper. Let C be an extri-
angulated category and ξ a proper class in C. We prove that C admits a new
extriangulated structure. This construction gives extriangulated categories which
are neither exact categories nor triangulated categories. Moreover, we introduce
and study ξ-Gorenstein projective objects in C and demonstrate that ξ-Gorenstein
projective objects share some basic properties with Gorenstein projective objects in
module categories or in triangulated categories. In particular, we refine a result of
Asadollahi and Salarian [Gorenstein objects in triangulated categories, J. Algebra
281(2004), 264-286]. As an application, the ξ-Gprojective model structures on ex-
triangulated categories are obtained.
Keywords: Extriangulated category; proper class; Gorenstein projective object;
model structure.
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1. Introduction
Relative homological algebra has been formulated by Hochschild in categories of modules
and later by Heller and Butler and Horrocks in more general categories with a relative abelian
structure. Beligiannis developed in [5] a relative version of homological algebra in triangulated
categories in analogy to relative homological algebra in abelian categories, in which the notion
of a proper class of exact sequences is replaced by a proper class of triangles. By specifying a
class of triangles E , which is called a proper class of triangles, he introduced E-projective and
E-injective objects.
In general, it is not so easy to find a proper class E of triangles in a triangulated category
having enough E-projectives or E-injectives. One of interesting examples, due to Krause [13]
and Beligiannis [5], is as follows:
• Assume that (T ,Σ,∆) is a compactly generated triangulated category, where Σ is the
suspension functor and ∆ is the triangulation. Then the class E of pure triangles (which
∗Corresponding author. Panyue Zhou was supported by the Hunan Provincial Natural Science Foundation of
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is induced by the compact objects) is proper and T has enough E-projectives or E-
injectives.
Note that E is a proper class in the above triangulated category (T ,Σ,∆). It follows that the
triangle
ΣiA
(−1)iΣif
−−−−−−−→ ΣiB
(−1)iΣig
−−−−−−−→ ΣiC
(−1)iΣih
−−−−−−−→ Σi+1A
belongs to E for all i ∈ Z provided that A
f
// B
g
// C
h
// ΣA belongs to E . However, one
can get that (T ,Σ, E) is not a triangulated category because not any morphism f : X → Y in
T can be embeded into the pure triangle
X
f
−−→ Y → Z → ΣX.
This means that there exist a triangulated category (T ,Σ,∆) and a proper class E in T such
that (T ,Σ, E) is not triangulated.
Recently, the notion of an extriangulated category was introduced in [14], which is a si-
multaneous generalization of exact category and triangulated category. Of course, there are
extriangulated categories which are neither exact categories nor triangulated categories, see [14,
Proposition 3.30] and [20, Example 4.14].
We know that extriangulated categories generalize both triangulated and exact categories.
Motivated by this, for any extriangulated categoriy C, we wonder whether or not there exists
a proper class ξ of E-triangles such that C is equipped with the proper class ξ of E-triangles,
which is again extriangulated. This is the first aim of this paper.
Auslander and Bridger [3] introduced modules of G-dimension zero for finitely generated
module over a commutative Noetherian ring as a generalization of finitely generated projective
module. Enochs and Jenda [9] introduced Gorenstein projective module that generalize the
notion of G-dimension zero to any module over any ring. Dually they defined Gorenstein in-
jective module, and they developed a relative homological algebra in the category of modules.
Furthermore, Beligiannis [5] introduced the concept of an X -Gorenstein object in an additive
category X for a contravariantly finite subcategory X of C such that any X -epic has kernel in
C as a generalization of module of G-dimension zero in the sense of Auslander and Bridger. In
an attempt to develop the Beligiannis’ theory, Asadollahi and Salarian [1] introduced and stud-
ied E-Gorenstein projective and injective objects in triangulated categories, which share basic
properties with Gorenstein projective and injective modules. Our next aim of this paper is to
contribute in developing the above mentioned homological algebra in extriangulated categories.
We now outline the results of the paper. In Section 2, we summarize some preliminaries and
basic facts about extriangulated categories which will be used throughout the paper.
In Section 3, for a given extriangulated category (C,E, s), we define a notion of a proper class
of E-triangles ξ. If an extriangulated category C is equipped with a proper class of E-triangles
ξ, we show that C admits a new extriangulated structure (see Theorem 3.2). This construction
gives extriangulated categories which are neither exact categories nor triangulated categories
(see Remark 3.3).
In Section 4, Let ξ be a proper class of E-triangles in an extriangulated category (C,E, s).
We introduce ξ-projective objects, ξ-Gprojective objects and their duals. Denote by P(ξ) the
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class of ξ-projective objects and by GP(ξ) the class of ξ-Gprojective objects in C. We prove that
the category GP(ξ) is full, additive, closed under isomorphisms, direct summands (see Theorem
4.17). As a corollary, we refine a result of Asadollahi and Salarian in [1] (see Remark 4.19).
In Section 5, by using the class of ξ-Gprojective objects in an extriangulated category (C,E, s),
we relate an invariant called ξ-Gprojective dimension (ξ-GpdA for short) to any object A of C
and show that this invariant has some nice properties (see Theorem 5.4 ). As an application,
we generalize a result of Yang [19, Theorem 5.7].
2. Preliminaries
Let us briefly recall some definitions and basic properties of extriangulated categories from
[14]. Throughout this paper, we assume that C is an additive category.
Definition 2.1. [14, Definition 2.1] Suppose that C is equipped with an additive bifunctor
E : Cop × C → Ab,
where Ab is the category of abelian groups. For any objects A,C ∈ C, an element δ ∈ E(C,A)
is called an E-extension. Thus formally, an E-extension is a triple (A, δ,C). For any A,C ∈ C,
the zero element 0 ∈ E(C,A) is called the split E-extension.
Let δ ∈ E(C,A) be any E-extension. By the functoriality, for any a ∈ C(A,A′) and c ∈
C(C ′, C), we have E-extensions
E(C, a)(δ) ∈ E(C,A′) and E(c,A)(δ) ∈ E(C ′, A).
We abbreviately denote them by a∗δ and c
∗δ. In this terminology, we have
E(c, a)(δ) = c∗a∗δ = a∗c
∗δ
in E(C ′, A′).
Definition 2.2. [14, Definition 2.3] Let δ ∈ E(C,A) and δ′ ∈ E(C ′, A′) be two pair of E-
extensions. A morphism (a, c) : δ → δ′ of E-extensions is a pair of morphisms a ∈ C(A,A′) and
c ∈ C(C,C ′) in C satisfying the equality
a∗δ = c
∗δ′.
We simply denote it as (a, c) : δ → δ′.
Definition 2.3. [14, Definition 2.6] Let δ = (A, δ,C) andδ′ = (A′, δ′, C ′) be any pair of E-
extensions. Let
C
ιC
// C ⊕ C ′ C ′
ιC′
oo and A A⊕A′
pA
oo
pA′
// A′
be coproduct and product in C, respectively. Remark that, by the additivity of E, we have a
natural isomorphism
E(C ⊕ C ′, A⊕A′) ≃ E(C,A) ⊕ E(C,A′)⊕ E(C ′, A)⊕ E(C ′, A′).
Let δ⊕δ′ ∈ E(C⊕C ′, A⊕A′) be the element corresponding to (δ, 0, 0, δ′) through this isomorphism.
This is the unique element which satisfies
E(ιC , pA)(δ ⊕ δ′) = δ, E(ιC , pA′)(δ ⊕ δ′) = 0, E(ιC′ , pA)(δ ⊕ δ′) = 0, E(ιC′ , pA′)(δ ⊕ δ′) = δ′.
4 J. Hu, D. Zhang and P. Zhou
Definition 2.4. [14, Definition 2.7] Let A,C ∈ C be any pair of objects. Two sequences of
morphisms in C
A
x
// B
y
// C and A
x′
// B′
y′
// C
are said to be equivalent if there exists an isomorphism b ∈ C(B,B′) which makes the following
diagram commutative
B
b≃

y
&&▲
▲▲
▲▲
▲▲
▲
A
x
88rrrrrrrr
x′ %%▲
▲▲
▲▲
▲▲
▲ C
B′
y′
88rrrrrrrr
We denote the equivalence class of A
x
// B
y
// C by [A
x
// B
y
// C] .
Definition 2.5. [14, Definition 2.8] (1) For any A,C ∈ C, we denote as
A
[
1
0
]
−−−→ A⊕ C
[0 1]
−−−−→ C]
(2) For any [A
x
// B
y
// C] and [A′
x′
// B′
y′
// C ′] , we denote as
[A
x
// B
y
// C] ⊕ [A′
x′
// B′
y′
// C ′] = [A⊕A′
x⊕x′
// B ⊕B′
y⊕y′
// C ⊕ C ′] .
Definition 2.6. [14, Definition 2.9] Let s be a correspondence which associates an equivalence
class
s(δ) = [A
x
// B
y
// C]
to any E-extension δ ∈ E(C,A). This s is called a realization of E, if it satisfies the following
condition (⋆). In this case, we say that the sequence A
x
// B
y
// C realizes δ, whenever it
satisfies s(δ) = [A
x
// B
y
// C] .
(⋆) Let δ ∈ E(C,A) and δ′ ∈ E(C ′, A′) be any pair of E-extensions, with
s(δ) = [A
x
// B
y
// C] and s(δ′) = [A′
x′
// B′
y′
// C ′] .
Then, for any morphism (a, c) : δ → δ′, there exists b ∈ C(B,B′) which makes the following
diagram commutative
A
x
//
a

B
y
//
b

C
c

A′
x′
// B′
y′
// C ′.
In the above situation, we say that the triplet (a, b, c) realizes (a, c).
Definition 2.7. [14, Definition 2.10] Let C,E be as above. A realization of E is said to be
additive, if it satisfies the following conditions.
(i) For any A,C ∈ C, the split E-extension 0 ∈ E(C,A) satisfies s(0) = 0.
(ii) For any pair of E-extensions δ ∈ E(C,A) and δ′ ∈ E(C ′, A′), we have
s(δ ⊕ δ′) = s(δ) ⊕ s(δ′).
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Definition 2.8. [14, Definition 2.12] A triplet (C,E, s) is called an extriangulated category if it
satisfies the following conditions.
(ET1) E : Cop × C → Ab is an additive bifunctor.
(ET2) s is an additive realization of E.
(ET3) Let δ ∈ E(C,A) and δ′ ∈ E(C ′, A′) be any pair of E-extensions, realized as
s(δ) = [A
x
// B
y
// C] and s(δ′) = [A′
x′
// B′
y′
// C ′] .
For any commutative square
A
x
//
a

B
y
//
b

C
A′
x′
// B′
y′
// C ′.
in C, there exists a morphism (a, c) : δ → δ′ satisfying cy = y′b.
(ET3)op Dual of (ET3).
(ET4) Let δ ∈ E(D,A) and δ′ ∈ E(F,B) be E-extensions realized by
A
f
// B
f ′
// D and B
g
// C
g′
// F
respectively. Then there exist an object E ∈ C, a commutative diagram
A
f
// B
f ′
//
g

D
d

A
h
// C
h′
//
g′

E
e

F F
in C, and an E-extension δ
′′
∈ E(E,A) realized by A
h
// C
h′
// E , which satisfy the fol-
lowing compatibilities.
(i) D
d
// E
e
// F realizes f ′∗δ
′,
(ii) d∗δ
′′
= δ,
(iii) f∗δ
′′
= e∗δ′.
(ET4)op Dual of (ET4).
We will use the following terminology.
Definition 2.9. [14, Definition 2.19] Let (C,E, s) be an extriangulated category.
(1) A sequence A
x
// B
y
// C is called a conflation if it realizes some E-extension
δ ∈ E(C,A). In this case, x is called an inflation and y is called a deflation.
(2) If a conflation A
x
// B
y
// C realizes δ ∈ E(C,A), we call the pair ( A
x
// B
y
// C , δ)
an E-triangle, and write it in the following way.
A
x
// B
y
// C
δ
//❴❴❴
We usually do not write this “δ” if it is not used in the argument.
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(3) Let A
x
// B
y
// C
δ
//❴❴❴ and A′
x′
// B′
y′
// C ′
δ′
//❴❴❴ be any pair of E-triangles.
If a triplet (a, b, c) realizes (a, c) : δ → δ′, then we write it as
A
x
//
a

B
y
//
b

C
c

δ
//❴❴❴
A′
x′
// B′
y′
// C ′
δ′
//❴❴❴
and call (a, b, c) a morphism of E-triangles. Such a morphism is called isomorphism if a, b, c are
isomorphisms in C.
Lemma 2.10. (see [14, Proposition 3.15]) Let (C,E, s) be an extriangulated category. Then the
following hold.
(1) Let C be any object, and let A1
x1
// B1
y1
// C
δ1
//❴❴❴ and A2
x2
// B2
y2
// C
δ2
//❴❴❴
be any pair of E-triangles. Then there is a commutative diagram in C
A2
m2

A2
x2

A1
m1
// M
e2

e1
// B2
y2

A1
x1
// B1
y1
// C
which satisfies s(y∗2δ1) = [A1
m1
// M
e1
// B2] and s(y
∗
1δ2) = [A2
m2
// M
e2
// B1] .
(2) Let A be any object, and let A
x1
// B1
y1
// C1
δ1
//❴❴❴ and A
x2
// B2
y2
// C2
δ2
//❴❴❴
be any pair of E-triangles. Then there is a commutative diagram in C
A
x2

x1
// B1
m2

y1
// C1
B2
y2

m1
// M
e2

e1
// C1
C2 C2
which satisfies s(x2∗δ1) = [B2
m1
// M
e1
// C1] and s(x1∗δ2) = [B1
m2
// M
e2
// C2] .
Assume that (C,E, s) is an extriangulated category. By Yoneda’s Lemma, any E-extension
δ ∈ E(C,A) induces natural transformations
δ♯ : C(−, C)⇒ E(−, A) and δ♯ : C(A,−)⇒ E(C,−).
For any X ∈ C, these (δ♯)X and δ
♯
X are given as follows:
(1) (δ♯)X : C(X,C)⇒ E(X,A); f 7→ f∗δ.
(2) δ♯X : C(A,X)⇒ E(C,X); g 7→ g∗δ.
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Lemma 2.11. [14, Corollary 3.12] Let (C,E, s) be an extriangulated category, and
A
x
// B
y
// C
δ
//❴❴❴
an E-triangle. Then we have the following long exact sequences:
C(C,−)
C(y,−)
// C(B,−)
C(x,−)
// C(A,−)
δ♯
// E(C,−)
E(y,−)
// E(B,−)
E(x,−)
// E(A,−) ;
C(−, A)
C(−,x)
// C(−, B)
C(−,y)
// C(−, C)
δ♯
// E(−, A)
E(−,x)
// E(−, B)
E(−,y)
// E(−, C) .
3. Proper classes of E-triangles
Throughout this section, (C,E, s) is an extriangulated category.
3.1. Definitions and results. A class of E-triangles ξ is closed under base change if for any
E-triangle
A
x
// B
y
// C
δ
//❴❴❴ ∈ ξ
and any morphism c : C ′ → C, then any E-triangle A
x′
// B′
y′
// C ′
c∗δ
//❴❴❴ belongs to ξ.
Dually, a class of E-triangles ξ is closed under cobase change if for any E-triangle
A
x
// B
y
// C
δ
//❴❴❴ ∈ ξ
and any morphism a : AtoA′, then any E-triangle A′
x′
// B′
y′
// C
a∗δ
//❴❴❴ belongs to ξ.
A class of E-triangles ξ is called saturated if in the situation of Lemma 2.10(1), when-
ever the third vertical and the second horizontal E-triangles belong to ξ, then the E-triangle
A1
x1
// B1
y1
// C
δ1
//❴❴❴ belongs to ξ.
An E-triangle A
x
// B
y
// C
δ
//❴❴❴ is called split if δ = 0. It is easy to see that it is
split if and only if x is section or y is retraction. The full subcategory consisting of the split
E-triangles will be denoted by ∆0.
Definition 3.1. Let ξ be a class of E-triangles which is closed under isomorphisms. ξ is called
a proper class of E-triangles if the following conditions hold:
(1) ξ is closed under finite coproducts and ∆0 ⊆ ξ.
(2) ξ is closed under base change and cobase change.
(3) ξ is saturated.
The following is the main result of this section.
Theorem 3.2. Let (C,E, s) be an extriangulated category and ξ a class of E-triangles which is
closed under isomorphisms. Set Eξ := E|ξ, that is,
Eξ(C,A) = {δ ∈ E(C,A) | δ is realized as an E-triangle A
x
// B
y
// C
δ
//❴❴❴ in ξ}
for any A,C ∈ C, and sξ := s|Eξ . Then ξ is a proper class of E-triangles if and only if (C,Eξ , sξ)
is an extriangulated category.
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Remark 3.3. (1) Assume that (C,E, s) is a compactly generated triangulated category and ξ
is the class of pure triangles (which is induced by the compact objects). It follows from Theo-
rem 3.2 that (C,Eξ, sξ) is an extriangulated category. Since the inflation in (C,Eξ, sξ) is not a
monomorphism in the categorical sense, hence (C,Eξ, sξ) is not an exact category. On the other
hand, (C,Eξ, sξ) is not a triangulated category because any morphism f : X → Y in C can be
embeded into the pure triangle in ξ.
(2) Assume that (C,E, s) is an exact category and ξ is a class of exact sequences which is
closed under isomorphisms. One can check that ξ is a proper class if and only if (C,Eξ, sξ) is
an exact category.
(3) If (C,E, s) is a triangulated category and the class ξ of triangles is closed under isomor-
phisms and suspension (see [5, Section 2.2]), then ξ is a proper class if and only if (C,Eξ , sξ) is
an extriangulated category. However (C,Eξ, sξ) is not a triangulated category by (1) in general.
Definition 3.4. Let (C,E, s) be an extriangulated category and ξ a proper class of E-triangles.
A morphism x is called ξ-inflation if there exists an E-triangle A
x
// B
y
// C
δ
//❴❴❴ in ξ.
A morphism y is called ξ-deflation if there exists an E-triangle A
x
// B
y
// C
δ
//❴❴❴ in ξ.
By Theorem 3.2 and [14, Remark 2.7], we have the following corollary.
Corollary 3.5. Let (C,E, s) be a extriangulated category and ξ a proper class of E-triangles.
Then the class of ξ-inflations (respectively ξ-deflations) is closed under compositions.
We give the following some lemmas.
Lemma 3.6. Let (C,E, s) be an extriangulated category. Then the following hold.
(1) If A
x
// B
y
// C
δ
//❴❴❴ and D
d
// E
e
// C
ρ
//❴❴❴ are E-triangles, and g :
B → E is a morphism satisfying eg = y, then there exists a morphism f : A→ D which gives a
morphism of E-triangles
A
x
//
f

✤
✤
✤ B
y
//
g

C
δ
//❴❴❴
D
d
// E
e
// C
ρ
//❴❴❴
Moreover, A
[
−f
x
]
// D ⊕B
[d g]
// E
e∗δ
//❴❴❴❴ is an E-triangle.
(2) Dual of (1).
Proof. This lemma can be found in [12, Proposition 1.20]. For the convenience of readers, we
give its dual proof.
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By Lemma 2.10(1), we get the following commutative diagram made of E-triangles
A[
∃h
x
]

A
x

D
[
1
0
]
// D ⊕B
[d ∃g′]

[0 1]
// B
y

0
//❴❴❴
D
d
// E
e
//
e∗δ

✤
✤
✤ C
ρ
//❴❴❴
δ

✤
✤
✤
satisfying
[
h
x
]
∗
δ +
[
1
0
]
∗
ρ = 0, in which we may assume that the middle row is of the form of
D
[
1
0
]
// D ⊕B
[0 1]
// B
0
//❴❴❴❴ since we have y∗ρ = (eg)∗ρ = g∗e∗ρ = 0. In particular,
A
[
h
x
]
// D ⊕B
[d g′]
// E
e∗δ
//❴❴❴❴ is an E-triangle. Note that eg′ = y = eg, thus by the
exactness of C(B,D)
C(B,d)
// C(B,E)
C(B,e)
// C(B,C) , there is b ∈ C(B,D) satisfying db = g′ − g
as e(g′ − g) = 0. For the isomorphism i =
[
1 b
0 1
]
: D ⊕B
∼=
// D ⊕B , the following diagram
is commutative
D ⊕B
∼=i

[d g′]
##●
●●
●●
●●
●●
A
[
h
x
]
;;①①①①①①①①①
[
h + bx
x
]
##❋
❋❋
❋❋
❋❋
❋❋
E
D ⊕B
[d g]
;;✇✇✇✇✇✇✇✇✇
Set f = −(h + bx), then A
[
−f
x
]
// D ⊕B
[d g]
// E
e∗δ
//❴❴❴ is an E-triangle, df = −d(h + bx) =
−dh − g′x + gx = gx and f∗δ = −(h + bx)∗δ = −h∗δ = −[1 0]∗
[
1
0
]
∗
ρ = ρ. Hence (f, g, 1) is a
morphism of E-triangles. 
Lemma 3.7. Let (C,E, s) be an extriangulated category.
(1) If δ ∈ E(C,A) and D ⊕A
[
1 0
0 f
]
// D ⊕B
[0 g]
// C
[
0
1
]
∗
δ
//❴❴❴❴ is an E-triangle for some
D ∈ C, then A
f
// B
g
// C
δ
//❴❴❴ is an E-triangle. Moreover, if
D ⊕A
[
1 0
m f
]
// D ⊕B
[n g]
// C
[
0
1
]
∗
δ
//❴❴❴❴ is an E-triangle, then A
f
// B
g
// C
δ
//❴❴❴
is an E-triangle.
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(2) If A
x
// B
y
// C
δ
//❴❴❴ is an E-triangle, then A
[
0
x
]
// D ⊕B
[
1 0
0 y
]
// D ⊕ C
[0 1]
∗
δ
//❴❴❴
is an E-triangle.
Proof. (1) Assume that the E-triangle δ ∈ E(C,A) is realized as A
x
// B′
y
// C
δ
//❴❴❴ . It
is easy to see that there is a morphism
[
0 b
]
: D ⊕B // B′ which gives the morphism of
E-triangles
D ⊕A
[0 1]

[
1 0
0 f
]
// D ⊕B
[0 g]
//
[0 b]

C
[
0
1
]
∗
δ
//❴❴❴❴
A
x
// B′
y
// C
δ
//❴❴❴❴
Hence x = bf and g = yb. Meanwhile, there is a morphism
[
d b′
]
: B′ // D ⊕B which
gives the morphism of E-triangles
A[
0
1
]

x
// B′
y
//
[
d
b′
]

C
δ
//❴❴❴❴
D ⊕A
[
1 0
0 f
]
// D ⊕B
[0 g]
// C
[
0
1
]
∗
δ
//❴❴❴❴
So we have f = b′x and y = gb′. It is easy to check that there exists the morphisms of E-triangles
A
x
// B′
y
//
bb′

C
δ
//❴❴❴
A
x
// B′
y
// C
δ
//❴❴❴
and
D ⊕A
[
1 0
0 f
]
// D ⊕B
[0 g]
//
[
1 0
0 b′b
]

C
[
0
1
]
∗
δ
//❴❴❴❴
D ⊕A [
1 0
0 f
] // D ⊕B
[0 g]
// C
[
0
1
]
∗
δ
//❴❴❴❴
It follows from [14, Corollary 3.6] that bb′ and
[
1 0
0 b′b
]
are isomorphisms. Hence b is an isomor-
phism. So we have the following commutative diagram
B
g
''❖❖
❖❖❖
❖❖
❖❖❖
b∼=

A
f
77♦♦♦♦♦♦♦♦♦♦
x ''❖❖
❖❖❖
❖❖❖
❖❖ C
B′
y
77♦♦♦♦♦♦♦♦♦♦
which implies that A
f
// B
g
// C
δ
//❴❴❴ is an E-triangle.
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Moreover, if D ⊕A
[
1 0
m f
]
// D ⊕B
[n g]
// C
[
0
1
]
∗
δ
//❴❴❴❴ is an E-triangle, then
0 = [n g]
[
1 0
m f
]
= [n + gm gf],
which implies n = −gm. It is easy to check that the following commutative diagram
D ⊕B
[n g]
##❋
❋❋
❋❋
❋❋
❋❋
[
1 0
−m 1
]
∼=

D ⊕A
[
1 0
0 f
]
%%❑
❑❑
❑❑
❑❑
❑❑
[
1 0
m f
]
99sssssssss
C
D ⊕B
[0 g]
;;①①①①①①①①①
Hence D ⊕A
[
1 0
0 f
]
// D ⊕B
[0 g]
// C
[
0
1
]
∗
δ
//❴❴❴❴ is an E-triangle, and A
f
// B
g
// C
δ
//❴❴❴
is an E-triangle by above argument.
(2) Let A
f
// E
g
// D ⊕ C
[0 1]
∗
(0⊕δ)
//❴❴❴ be any E-triangle realizing [0 1]∗ (0⊕ δ). Then we
have the following commutative diagram
0⊕A
[
0 0
0 x
]
//
[0 1]

D ⊕B
[
1 0
0 y
]
//
[d b]

D ⊕ C
0⊕δ
//❴❴❴
A
f
// E
g
// D ⊕ C
[0 1]
∗
(0⊕δ)
//❴❴❴
It is easy to see that [0 1] : 0⊕A // A is an isomorphism, hence [d b] : D ⊕B // E is
an isomorphism by [14, Corollary 3.6]. Note that f = bx, so we have the following commutative
diagram
D ⊕B
∼=[d b]

[
1 0
0 y
]
%%❑
❑❑
❑❑
❑❑
❑❑
A
[
0
x
]
;;①①①①①①①①①
f
##❋
❋❋
❋❋
❋❋
❋❋
D ⊕ C
E
g
99sssssssssss
which implies that A
[
0
x
]
// D ⊕B
[
1 0
0 y
]
// D ⊕ C
[0 1]
∗
(0⊕δ)
//❴❴❴ is an E-triangle. Since
[
1
0
]∗
[0 1]∗(0⊕ δ) = 0 =
[
1
0
]∗
[0 1]∗δ and
[
0
1
]∗
[0 1]∗(0⊕ δ) = δ =
[
0
1
]∗
[0 1]∗δ,
we have [0 1]∗(0⊕ δ) = [0 1]
∗δ, as desired. 
Lemma 3.8. Let (C,E, s) be a extriangulated category.
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(1) Let A
f
// B
f ′
// C
δf
//❴❴❴ , B
g
// D
g′
// F
δg
//❴❴❴ and A
h
// D
h′
// E
δh
//❴❴❴
be any triplet of E-triangles satisfying h = g ◦ f . Then there are morphisms d and e in C which
make the diagram
A
f
// B
f ′
//
g

C
d

δf
//❴❴❴
A
h
// D
h
//
g′

E
e

δh
//❴❴❴
F
δg

✤
✤
✤ F
f ′
∗
(δg)

✤
✤
✤
commutative, and satisfying the following compatibilities.
(i) C
d
// E
e
// F
f ′
∗
(δg)
//❴❴❴ is an E-triangle,
(ii) d∗(δh) = δf ,
(iii) e∗(δg) = f∗(δh),
(iv) B
[
g
f ′
]
// D ⊕ C
[h −d]
// E
f∗(δh)
//❴❴❴ is an E-triangle.
(2) Dual of (1).
Proof. This follows from [14, Lemma 3.14] and its dual, and [14, Lemma 3.15] and its dual. 
Proposition 3.9. Let (C,E, s) be a extriangulated category and ξ a class of E-triangles satisfying
the conditions (1) and (2) in Definition 3.1.
Then ξ is saturated if and only if for the diagram in Lemma 2.10(2)
A
x2

x1
// B1
m2

y1
// C1
B2
y2

m1
// M
e2

e1
// C1
C2 C2
if the E-triangles A
x2
// B2
y2
// C2
δ2
//❴❴❴ and B2
m1
// M
e1
// C1
x2∗δ1
//❴❴❴ are in ξ, then
the E-triangle A
x1
// B1
y1
// C1
δ1
//❴❴❴ is also in ξ.
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Proof. We only prove the ‘only if’ part, the proof of ‘if’ part is similar. By (ET4) and Lemma
3.8(1), there exists the following commutative diagram
A
x2
// B2
y2
//
m1

C2
d

δ2
//❴❴❴
A
f
// M
g
//
e1

W
h

ρ
//❴❴❴
C1
x2∗δ1

✤
✤
✤
C1
y2∗x2∗δ1

✤
✤
✤
in C, and an E-extension ρ ∈ E(W,A) realized by A
f
// M
g
// W , which satisfy the
following compatibilities.
(i) C2
d
// W
h
// C1 realizes y2∗x2∗δ1,
(ii) d∗ρ = δ2,
(iii) x2∗ρ = h
∗x2∗δ1,
(iv) B2
[
m1
y2
]
// M ⊕C2
[g −d]
// W
x2∗ρ
//❴❴❴ is an E-triangle.
Note that B2
m1
// M
e1
// C1
x2∗δ1
//❴❴❴ is an E-triangle in ξ, then so is
B2
[
m1
y2
]
// M ⊕ C2
[g −d]
// W
x2∗ρ
//❴❴❴❴
by (iii) because ξ is closed under base change. It is easy to check that
B2
[
m1
−y2
]
// M ⊕ C2
[g d]
// W
x2∗ρ
//❴❴❴
is an E-triangle in ξ. It follows from Lemma 3.7(2) that
A
[
0
x2
]
// M ⊕B2
[
1 0
0 y2
]
// M ⊕ C2
[0 1]
∗
δ2
//❴❴❴
is an E-triangle, it is an E-triangle in ξ because A
x2
// B2
y2
// C2
δ2
//❴❴❴ is an E-triangle in
ξ. We have g∗x2∗ρ = x2∗g
∗ρ = 0. One can prove that
[
1
0
]∗
[g d]∗ρ = g∗ρ = 0 and
[
0
1
]∗
[g d]∗ρ =
d∗ρ = δ2, which implies [g d]
∗ρ = [1 0]∗δ2. It is straightforward to show that the following
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diagram is commutative
B2[
m1
−1
]

B2[
m1
−y2
]

A
[
0
x2
]
// M ⊕B2
[1 m1]

[
1 0
0 y2
]
// M ⊕C2
[g d]

[0 1]
∗
δ2
//❴❴❴
A
f
// M
g
//
0

✤
✤
✤ W
ρ
//❴❴❴❴
x2∗ρ

✤
✤
✤
Hence A
f
// M
g
// W
ρ
//❴❴❴ is an E-triangle in ξ since ξ is closed under saturated. Since
f = m1x2 = m2x1, applying (ET3) to
A
x1
// B1
y1
//
m2

C1
δ1
//❴❴❴
A
f
// M
g
// W
ρ
//❴❴❴
we obtain a morphism c ∈ C(C1,W ) satisfying δ1 = c
∗ρ. Hence A
x1
// B1
y1
// C1
δ1
//❴❴❴ is
an E-triangle in ξ. 
We are ready to prove Theorem 3.2.
Proof of Theorem 3.2. “⇒” It is easy to check that (C,Eξ, sξ) is an extriangulated category
by the definition of proper class and the proof of Proposition 3.9.
“⇐” Note that (C,Eξ, sξ) is an extriangulated category, it is easy to check that ξ satisfies
the conditions (1) and (2) in Definition 3.1. Next we claim that ξ is saturated. Consider the
diagram in Lemma 2.10(2)
A
x2

x1
// B1
m2

y1
// C1
B2
y2

m1
// M
e2

e1
// C1
C2 C2
where the E-triangles A
x2
// B2
y2
// C2
δ2
//❴❴❴ and B2
m1
// M
e1
// C1
x2∗δ1
//❴❴❴ are in ξ.
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Since (C,Eξ, sξ) is an extriangulated category, there exists the following commutative diagram
A
x2
// B2
y2
//
m1

C2
d

δ2
//❴❴❴
A
f
// M
g
//
e1

W
h

ρ
//❴❴❴
C1
x2∗δ1

✤
✤
✤
C1
y2∗x2∗δ1

✤
✤
✤
where A
f
// M
g
// W
ρ
//❴❴❴ is an E-triangle in ξ by (ET4) of extriangulated category
(C,Eξ, sξ). Since f = m1x2 = m2x1, applying (ET3) of extriangulated category (C,E, s) to
A
x1
// B1
y1
//
m2

C1
δ1
//❴❴❴
A
f
// M
g
// W
ρ
//❴❴❴
we obtain a morphism c ∈ C(C1,W ) satisfying δ1 = c
∗ρ, hence A
x1
// B1
y1
// C1
δ1
//❴❴❴ is an
E-triangle in ξ. Hence ξ is saturated by Proposition 3.9. ✷
4. ξ-Gprojective objects and some fundamental properties
Throughout the section, we assume that ξ is a proper class of E-triangles in an extriangulated
category (C,E, s).
4.1. The definition of ξ-Gprojective objects. The following concept is inspired from ξ-
projective objects with respect to a proper class of triangles in a triangulated category.
Definition 4.1. An object P ∈ C is called ξ-projective if for any E-triangle
A
x
// B
y
// C
δ
//❴❴❴
in ξ, the induced sequence of abelian groups 0 // C(P,A) // C(P,B) // C(P,C) // 0 is
exact. Dually, we have the definition of ξ-injective.
We denote P(ξ) (respectively I(ξ)) the class of ξ-projective (respectively ξ-injective) objects
of C. It follows from the definition that this subcategory P(ξ) and I(ξ) are full, additive, closed
under isomorphisms and direct summands.
An extriangulated category (C,E, s) is said to have enough ξ-projectives (respectively enough
ξ-injectives) provided that for each object A there exists an E-triangle K // P // A //❴❴❴
(respectively A // I // K //❴❴❴ ) in ξ with P ∈ P(ξ) (respectively I ∈ I(ξ)).
Lemma 4.2. If C has enough ξ-projectives, then an E-triangle A // B // C //❴❴❴ is in ξ
if and only if induced sequence of abelian groups 0 // C(P,A) // C(P,B) // C(P,C) // 0
is exact for all P ∈ P(ξ).
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Proposition 4.3. (Schanuel’s lemma). If Ki
xi
// Pi
yi
// C
δi
//❴❴❴ are E-triangles in ξ with
Pi ∈ P(ξ), i = 1, 2, then K1 ⊕ P2 ∼= K2 ⊕ P1.
If K
x
// P
y
// C
δ
//❴❴❴ is an E-triangles in ξ with P ∈ P(ξ), then we call the object K a
first ξ-syzygy of C. An nth ξ-syzygy of C is defined as usual by induction. By Schanuel’s lemma
any two ξ-syzygies of C are isomorphic modulo ξ-projectives.
The ξ-projective dimension ξ-pdA of A ∈ C is defined inductively. If A ∈ P(ξ), then define
ξ-pdA = 0. Next if ξ-pdA > 0, define ξ-pdA 6 n if there exists an E-triangle K → P → A 99K
in ξ with P ∈ P(ξ) and ξ-pdK 6 n − 1. Finally we define ξ-pdA = n if ξ-pdA 6 n and
ξ-pdA  n− 1. Of course we set ξ-pdA =∞, if ξ-pdA 6= n for all n > 0.
Dually we can define the ξ-injective dimension ξ-idA of an object A ∈ C.
Definition 4.4. A ξ-exact complex X is a diagram
· · · // X1
d1
// X0
d0
// X−1 // · · ·
in C such that for each integer n, there exists an E-triangle Kn+1
gn
// Xn
fn
// Kn
δn
//❴❴❴ in
ξ and dn = gn−1fn.
Definition 4.5. Let W be a class of objects in C. An E-triangle A // B // C //❴❴❴ in
ξ is called to be C(−,W)-exact (respectively C(W,−)-exact) if for any W ∈ W, the induced
sequence of abelian group 0 // C(C,W ) // C(B,W ) // C(A,W ) // 0 (respectively
0 // C(W,A) // C(W,B) // C(W,C) // 0 ) is exact in Ab.
Definition 4.6. Let W be a class of objects in C. A complex X is called C(−,W)-exact
(respectively C(W,−)-exact) if it is a ξ-exact complex
· · · // X1
d1
// X0
d0
// X−1 // · · ·
in C such that there is C(−,W)-exact (respectively C(W,−)-exact) E-triangle
Kn+1
gn
// Xn
fn
// Kn
δn
//❴❴❴
in ξ for each integer n and dn = gn−1fn.
A ξ-exact complex X is called complete P(ξ)-exact (respectively complete I(ξ)-exact) if it is
C(−,P(ξ))-exact (respectively C(I(ξ),−)-exact).
Definition 4.7. A complete ξ-projective resolution is a complete P(ξ)-exact complex
P : · · · // P1
d1
// P0
d0
// P−1 // · · ·
in C such that Pn is ξ-projective for each integer n. Dually, a complete ξ-injective coresolution
is a complete I(ξ)-exact complex
I : · · · // I1
d1
// I0
d0
// I−1 // · · ·
in C such that In is ξ-injective for each integer n.
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Definition 4.8. Let P be a complete ξ-projective resolution in C. So for each integer n, there
exists a C(−,P(ξ))-exact E-triangle Kn+1
gn
// Pn
fn
// Kn
δn
//❴❴❴ in ξ. The objects Kn are
called ξ-Gprojective for each integer n. Dually if I is a complete ξ-injective coresolution in C,
there exists a C(I(ξ),−)-exact E-triangle Kn+1
gn
// In
fn
// Kn
δn
//❴❴❴ in ξ for each integer n.
The objects Kn are called ξ-Ginjective for each integer n.
Example 4.9. (1) Assume that (C,E, s) is the category of left R-modules. If ξ is the class of
all E-triangles, then ξ-Gprojective objects defined in here coincides with the earlier one given by
Enochs and Jenda in [9].
(2) If (C,E, s) is a triangulated category and ξ is a proper class of E-triangles which is closed
under suspension (see [5, Section 2.2]), then ξ-Gprojective objects defined in here coincides with
the earlier one given by Asadollahi and Salarian in [1].
4.2. Some fundamental properties of ξ-Gprojective objects. Throughout this section, we
always assume that the extriangulated category (C,E, s) has enough ξ-projectives and enough
ξ-injectives. The following observation is useful in this section.
Lemma 4.10. Let (C,E, s) be an extriangulated category and ξ a proper class of E-triangles.
Then the following hold:
(1) LetW be a subcategory of C, A1
x1
// B1
y1
// C
δ1
//❴❴❴ and A2
x2
// B2
y2
// C
δ2
//❴❴❴
be E-triangles in ξ. Consider the following commutative diagram in C
A2
m2

A2
x2

A1
m1
// M
e2

e1
// B2
y2

A1
x1
// B1
y1
// C
which satisfies s(y∗2δ1) = [A1
m1
// M
e1
// B2] and s(y
∗
1δ2) = [A2
m2
// M
e2
// B1] .
If A2
x2
// B2
y2
// C
δ2
//❴❴❴ and A1
m1
// M
e1
// B2
y∗
2
δ1
//❴❴❴ are C(−,W)-exact, then
A1
x1
// B1
y1
// C
δ1
//❴❴❴ is C(−,W)-exact.
(2) If A
x
// B
y
// C
δ
//❴❴❴ is an E-triangle in ξ with C ∈ GP(ξ), then it is C(−,P(ξ))-
exact.
(3) If A
x
// B
y
// C
δ
//❴❴❴ is an E-triangle in ξ where C is a direct summand of ξ-
Gprojective, then it is C(−,P(ξ))-exact.
Proof. (1) Since A2
x2
// B2
y2
// C
δ2
//❴❴❴ is an E-triangle, there exists an exact sequence
of abelian groups C(C,W )
C(y2,W )
// C(B2,W )
C(x2,W )
// C(A2,W )
δ2
// E(C,W )
E(y2,W )
// E(B2,W ) for
any W ∈ W by [14, Proposition 3.3], which implies that the morphisms C(y2,W ) and E(y2,W )
18 J. Hu, D. Zhang and P. Zhou
are monic as A2
x2
// B2
y2
// C
δ2
//❴❴❴ is C(−,W)-exact. Similarly, we can show that C(e1,W )
and E(e1,W ) are monic for any W ∈ W. It follows from [14, Proposition 3.3], there is a
commutative diagram of abelian groups for any W ∈ W
C(C,W )
C(y1,W )
//
C(y2,W )

C(B1,W )
C(x1,W )
//
C(e2,W )

C(A1,W )
(δ♯
1
)W
// E(C,W )
E(y1,W )
//
E(y2,W )

E(B1,W )
E(e2,W )

C(B2,W )
C(e1,W )
// C(M,W )
C(m1,W )
// C(A1,W )
(y∗
2
δ1)
♯
W
// E(B2,W )
E(e1,W )
// E(M,W )
It is easy to see that C(y1,W ) and E(y1,W ) are monic, which implies A1
x1
// B1
y1
// C
δ1
//❴❴❴
is C(−,W)-exact.
(2) If A
x
// B
y
// C
δ
//❴❴❴ is an E-triangle in ξ with C ∈ GP(ξ), then there exists a
C(−,P(ξ))-exact E-triangle G
f
// P
g
// C
ρ
//❴❴❴ in ξ with P ∈ P(ξ) and G ∈ GP(ξ).
Hence there exists a commutative diagram
G
f1

G
f

A
x1
// M
g1

y1
// P
g

A
x
// B
y
// C
It is easy to see that the E-triangle A
x1
// M
y1
// P
g∗δ
//❴❴❴ is split, hence it is a C(−,P(ξ))-
exact E-triangle in ξ. So A
x
// B
y
// C
δ
//❴❴❴ is C(−,P(ξ))-exact by (1).
(3) Suppose that G = C ⊕ C ′ with G ∈ GP(ξ), then we have the following commutative
diagram
C ′
f1

C ′[
0
1
]

A
x1
// M
g1

y1
// G
[1 0]

A
x
// B
y
// C
made of E-triangles in ξ. Note that the second horizontal is C(−,P(ξ))-exact by (2) and the
third vertical is C(−,P(ξ))-exact, then so is the third horizontal by (1). 
In addition, we assume the following condition (see [14, Condition 5.8])
4.11. (Condition (WIC)) Let (C,E, s) be an extriangulated category. Consider the following
conditions.
(1) Let f ∈ C(A,B), g ∈ C(B,C) be any composable pair of morphisms. If gf is an inflation,
then so is f .
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(2) Let f ∈ C(A,B), g ∈ C(B,C) be any composable pair of morphisms. If gf is a deflation,
then so is g.
Example 4.12. (1) If C is an exact category, then Condition (WIC) is equivalent to C is weakly
idempotent complete (see [7, Proposition 7.6]).
(2) If C is a triangulated category, then Condition (WIC) is automatically satisfied.
Proposition 4.13. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and
ξ a proper class of E-triangles.
(1) Let f ∈ C(A,B), g ∈ C(B,C) be any composable pair of morphisms. If gf is a ξ-inflation,
then so is f .
(2) Dual of (1).
Proof. (1) If gf is a ξ-inflation, then f is an inflation by Condition (WIC). Assume that
A
f
// B
f ′
// C
δ
//❴❴❴ is an E-triangle and A
gf
// B′
h
// C ′
δ′
//❴❴❴ is an E-triangle in
ξ. Applying (ET3) to
A
f
// B
f ′
//
g

C
δ
//❴❴❴
A
gf
// B′
h
// C ′
δ′
//❴❴❴
we obtain a morphism c ∈ C(C,C ′) satisfying δ = c∗δ, hence A
f
// B
f ′
// C
δ
//❴❴❴ is an
E-triangle in ξ. 
Lemma 4.14. Assume (C,E, s) is an extriangulated category satisfying Condition (WIC) and
ξ a proper class of E-triangles. Let
K
k

K ′
k′

K ′′
k′′

A
	a

x
// B
	b

y
// C
c′

δ
//❴❴❴
A′
κ

x′
// B′
κ′

y′
// C ′
κ′′

δ′
//
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be a diagram of E-triangles. If y is epic, then there is an E-triangle K
m
// K ′
n′
// K ′′
δ′′
//❴❴❴
which make the following diagram commutative
K
	k

m
// K ′
	k′

n′
// K ′′
k′′

δ′′
//❴❴❴
A
	a

x
// B
	b

y
// C
c′

δ
//❴❴❴
A′
κ

x′
// B′
κ′

y′
// C ′
κ′′

δ′
//
in which, those (k, k′, k′′), (m,x, x′) and (n′, y, y′) are morphisms of E-triangles.
Proof. It follows from [14, Lemma 5.9] that there exist E-triangles K
m
// K ′
n
// X
ν
//❴❴❴
and X
i
// C
c
// C ′
τ
//❴❴❴ which make the following diagram commutative
K
	k

m
// K ′
	k′

n
// X
i

ν
//❴❴❴
A
	a

x
// B
	b

y
// C
c

δ
//❴❴❴
A′
κ

x′
// B′
κ′

y′
// C ′
τ

δ′
//
in which, those (k, k′, i), (a, b, c), (m,x, x′) and (n, y, y′) are morphisms of E-triangles. Since
c′y = y′b = cy and y is epic, c′ = c. By (ET3)op and [14, Corollary 3.6], we obtain a morphism
of E-triangles
K ′′
k′′
//
u

C
c′
// C ′
κ′′
//❴❴❴
X
i
// C
c
// C ′
τ
//❴❴❴
where u is an isomorphism. It is clear that u∗κ
′′ = τ . Set n′ = u−1n, then
K
m
// K ′
n′
// K ′′
δ′′
//❴❴❴
is an E-triangle by [14, Proposition 3.7] where δ′′ = u∗ν. It is easy to check that k′′n′ = yk′.
Moreover, one can show that k∗δ
′′ = k∗u
∗ν = u∗k∗ν = u
∗i∗δ = (iu)∗δ = k
′′∗δ and n′∗κ
′ =
u−1∗ n∗κ
′ = u−1∗ y
′∗τ = y
′∗u−1τ = y
′∗κ′′, which implies (k, k′, k′′) and (n′, y, y′) are morphisms of
E-triangles. 
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Lemma 4.15. Assume (C,E, s) is an extriangulated category satisfying Condition (WIC) and
ξ a proper class of E-triangles. Let A
x
// B
y
// C
δ
//❴❴❴ and A′
x′
// B′
y′
// C ′
δ′
//❴❴❴
be E-triangles. Then the following hold.
(1) If (a, c) : δ → δ′ is a morphism of E-triangles where a, c are inflations, then there is an
inflation b : B → B′ which make the following diagram commutative
A
x
//
a

B
y
//
b

C
c

δ
//❴❴❴
A′
x′
// B′
y′
// C ′
δ′
//❴❴❴
.
(2) Dual of (1)
Proof. (1) It follows from Lemma 2.10(1), and (ET4)op, there exist inflation morphisms d, h, d′
which make the following diagram commutative
A
x
//
a

B
y
//
d

C
δ
//❴❴❴
A′
f
// D
g
//
h

C
a∗δ
//❴❴❴
A′
f ′
// D′
g′
//
d′

C
c

c∗δ′
//❴❴❴
A′
x′
// B
y′
// C ′
δ′
//❴❴❴
where h is an isomorphism by [14, Corollary 3.6(1)]. Set b = d′hd, then it is an inflation by
Corollary 3.5. 
Theorem 4.16. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and ξ a
proper class of E-triangles. If A
x
// B
y
// C
ρ
//❴❴❴ is an E-triangle in ξ with C ∈ GP(ξ),
then A ∈ GP(ξ) if and only if B ∈ GP(ξ).
Proof. IfA ∈ GP(ξ), then there exists a C(−,P(ξ))-exact E-triangle A
gA
−1
// PA−1
fA
−1
// KA−1
δA
−1
//❴❴❴
in ξ with PA−1 ∈ P(ξ) and K
A
−1 ∈ GP(ξ). Similarly, there exists a C(−,P(ξ))-exact E-triangle
C
gC
−1
// PC−1
fC
−1
// KC−1
δC
−1
//❴❴❴ in ξ with PC−1 ∈ P(ξ) and K
C
−1 ∈ GP(ξ). It follows from Lemma
4.10(2) that the E-triangle A
x
// B
y
// C
δ
//❴❴❴ is C(−,P(ξ))-exact. It is easy to check
that (gA−1)∗ρ = 0 = (g
C
−1)
∗0, hence there is an inflation gB−1 : B → P
A
−1⊕P
C
−1 = P
B
−1 which makes
the following diagram commutative
A
x
//
gA
−1

B
y
//
gB
−1

C
gC
−1

ρ
//❴❴❴
PA−1
[
1
0
]
// PB−1
[0 1]
// PC−1
0
//❴❴❴
22 J. Hu, D. Zhang and P. Zhou
by Lemma 4.15(1). Hence there exists an E-triangle B
gB
−1
// PB−1
fB
−1
// KB−1
δB
−1
//❴❴❴ . By Lemma
4.14, there exists a commutative diagram
A
x
//
gA
−1

B
y
//
gB
−1

C
gC
−1

ρ
//❴❴❴❴
PA−1
[
1
0
]
//
fA
−1

PB−1
fB
−1

[0 1]
// PC−1
fC
−1

0
//❴❴❴
KA−1
δA
−1

✤
✤
✤
x−1
// KB−1
y−1
//
δB
−1

✤
✤
✤
KC−1
δC
−1

✤
✤
✤
ρ−1
//❴❴❴
made of E-triangles. Since fC−1 and [0 1] are ξ-deflations, so is y−1 by Proposition 4.13(2). It is
easy to check that E-triangle KA−1
x−1
// KB−1
y−1
// KC−1
ρ−1
//❴❴❴ is isomorphic to an E-triangle in
ξ by [14, Corollary 3.6(3)], hence it is an E-triangle in ξ. Applying C(P(ξ),−) to the above com-
mutative diagram, it is straightforward to prove that the E-triangle B
gB
−1
// PB−1
fB
−1
// KB−1
δB
−1
//❴❴❴
is C(P(ξ),−)-exact by a diagram chasing, hence it is an E-triangle in ξ by Lemma 4.2. Apply-
ing C(−,P(ξ)) to the above commutative diagram, it is easy to claim that the E-triangles
B
gB
−1
// PB−1
fB
−1
// KB−1
δB
−1
//❴❴❴ is C(−,P(ξ))-exact by a diagram chasing. Proceed in this man-
ner, one can get a C(−,P(ξ))-exact ξ-exact complex B // PB−1
// PB−2
// · · · . Dually,
we can obtain a C(−,P(ξ))-exact ξ-exact complex · · · // PB1
// PB0
// B . Hence there
is a complete ξ-projective resolution · · · // PB1
// PB0
// PB−1
// PB−2
// · · · by
pasting these ξ-exact complexes together, which implies that B ∈ GP(ξ).
Assume that B ∈ GP(ξ), then there is a C(−,P(ξ))-exact E-triangle
B
gB
−1
// PB−1
fB
−1
// KB−1
δB
−1
//❴❴❴
in ξ with PB−1 ∈ P(ξ) and K
B
−1 ∈ GP(ξ). Hence there exists the following commutative diagram
A
x
// B
y
//
gB
−1

C
g

ρ
//❴❴❴❴
A
gA
−1
// PB−1
fB
−1

fA
−1
// G
f

δA
−1
//❴❴❴❴
KB−1
δB
−1

✤
✤
✤
KB−1
y∗δ
B
−1

✤
✤
✤
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made of E-triangles. It is easy to check that these E-triangles are C(P(ξ),−)-exact, hence they
are E-triangles in ξ. By the result of above, one can get G ∈ GP(ξ), which implies the E-triangle
A
gA
−1
// PB−1
fA
−1
// G
δA
−1
//❴❴❴ is C(−,P(ξ))-exact by Lemma 4.10(2). Note thatG ∈ GP(ξ), there
exists a C(−,P(ξ))-exact ξ-exact complex G // PA−2
// PA−3
// · · · with PA−i ∈ P(ξ) for
any i > 2. Hence we get a C(−,P(ξ))-exact ξ-exact complex A // PB−1
// PA−2
// · · ·
with PB−1 ∈ P(ξ) and P
A
−i ∈ P(ξ) for any i > 2. It is suffice to show that there exists a C(−,P(ξ))-
exact ξ-exact complex · · · // PA1
// PA0
// A with PAi ∈ P(ξ) for any i > 0. Assume
that KA1
gA
0
// PA0
fA
0
// A
δA
0
//❴❴❴ and KC1
gC
0
// PC0
fC
0
// C
δC
0
//❴❴❴ are E-triangles in ξ with
PA0 , P
C
0 ∈ P(ξ) and K
C
1 ∈ GP(ξ). Similar to the proof that GP(ξ) is closed under extension,
there exists a commutative diagram
KA1
gA
0

x1
// KB1
gB
0

y1
// KC1
gC
0

ρ1
//❴❴❴
PA0
[
1
0
]
//
fA
0

PB0
fB
0

[0 1]
// PC0
fC
0

0
//❴❴❴
A
x
//
δA
0

✤
✤
✤ B
y
//
δB
0

✤
✤
✤ C
δC
0

✤
✤
✤
ρ
//❴❴❴
made of E-triangles in ξ. Note that the E-triangles except the first vertical in the above diagram
are C(−,P(ξ))-exact by Lemma 4.10(2), it is easy to show that the first vertical is C(−,P(ξ))-
exact. Since any syzygies of B is a direct summand of ξ-Gprojective object, any E-triangle
KB2
gB
1
// PB1
fB
1
// KB1
δB
1
//❴❴❴ in ξ is C(−,P(ξ))-exact by Lemma 4.10(3). Proceed in this
manner, one can get a C(−,P(ξ))-exact ξ-exact complex · · · // PA1
// PA0
// A with
PAi ∈ P(ξ) for any i > 0. Hence A ∈ GP(ξ), as desired. 
Theorem 4.17. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and ξ a
proper class of E-triangles. Then GP(ξ) is closed under direct summand.
Proof. Assume that G ∈ GP(ξ) and H is a direct summand of G, then there exists H ′ ∈ C such
that G = H ⊕ H ′. Therefore there exist two split E-triangles H
[
1
0
]
// G
[0 1]
// H ′
0
//❴❴❴ and
H ′
[
0
1
]
// G
[1 0]
// H
0
//❴❴❴ in ξ. Since G ∈ GP(ξ), there is an E-triangle
G
α−1
// P−1
β−1
// K−1
δ−1
//❴❴❴
in ξ with P−1 ∈ P(ξ) and K−1 ∈ GP(ξ). Hence there exists a commutative diagram
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H
[
1
0
]
// G
[0 1]
//
α−1

H ′
α′
−1

0
//❴❴❴❴
H
g−1
// P−1
f−1
//
β−1

X
ρ−1
//❴❴❴❴
β′
−1

K−1
δ−1

✤
✤
✤
K−1
[0 1]
∗
δ−1

✤
✤
✤
made of E-triangles in ξ because it is easy to check that these E-triangles are C(P(ξ),−)-exact.
Since the first row, the second and the third columns are C(−,P(ξ))-exact by Lemma 4.10(2), it
is easy to show that H
g−1
// P−1
f−1
// X
ρ−1
//❴❴❴ is C(−,P(ξ))-exact by diagram chasing. Note
that H ′
α′
−1
// X
β′
−1
// K−1
[0 1]
∗
δ−1
//❴❴❴ and H ′
[
0
1
]
// G
[1 0]
// H
0
//❴❴❴ are E-triangles in ξ, there
exists a commutative diagram:
H ′[
0
1
]

α′
−1
// X
g′
−1

β′
−1
// K−1
[0 1]
∗
δ−1
//❴❴❴❴
G
[1 0]

α′′
−1
// G−1
f ′
−1

β′′
−1
// K−1
δ′
−1
//❴❴❴❴
H
0

✤
✤
✤ H
0

✤
✤
✤
such that G
α′′
−1
// G−1
β′′
−1
// K−1
δ′
−1
//❴❴❴ and X
g′
−1
// G−1
f ′
−1
// H
0
//❴❴❴ are E-triangles in ξ
because ξ is closed under cobase change. It follows from Theorem 4.16 that G−1 ∈ GP(ξ)
as G,K−1 ∈ GP(ξ), so there exists an E-triangle G−1
α−2
// P−2
β−2
// K−2
δ−2
//❴❴❴ in ξ with
P−2 ∈ P(ξ) and K−2 ∈ GP(ξ). Hence there exists a commutative diagram:
X
g′
−1
// G−1
f ′
−1
//
α−2

H
α′
−1

0
//❴❴❴❴
X
g−2
// P−2
f−2
//
β−2

Y
ρ−2
//❴❴❴❴
β′
−2

K−2
δ−2

✤
✤
✤
K−2
(f ′
−1
)∗δ−2

✤
✤
✤
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made of E-triangles in ξ because it is easy to check that these E-triangles are C(P(ξ),−)-exact.
Similar to the proof above, one can prove that the E-triangle X
g−2
// P−2
f−2
// Y
ρ−2
//❴❴❴ is
C(−,P(ξ))-exact. One can get a C(−,P(ξ))-exact ξ-exact complex H // P−1 // P−2 // · · ·
with each P−i ∈ P(ξ) for i > 1 by proceeding in this manner. Dually, we can obtain a C(−,P(ξ))-
exact ξ-exact complex · · · // P1 // P0 // H with each Pi ∈ P(ξ) for i > 0. Hence
H ∈ GP(ξ), as desired. 
As a consequence of Example 4.12(2) and Theorem 4.17, we have the following corollary.
Corollary 4.18. Let (C,E, s) be a triangulated category and ξ a proper class of triangles. Then
GP(ξ) is closed under direct summand.
Remark 4.19. We note that Corollary 4.18 refines a result of Asadollahi and Salarian in [1],
where the authors showed that for any triangulated cateogory C with enough E-projectives, if the
class GP(E) of E-Gprojective objects in C is closed under countable direct sums, then GP(E) is
closed under direct summands.
Corollary 4.20. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and ξ
a proper class of E-triangles. If A // B // C //❴❴ is an E-triangle in ξ with A,B ∈ GP(ξ),
then C ∈ GP(ξ) if and only if any E-triangle A′ // B′ // C //❴❴ in ξ is C(−,P(ξ))-exact.
Proof. The “only if” part is clear. For the “if” part, since A ∈ GP(ξ), there exists an E-
triangle A // P // K //❴❴ in ξ with P ∈ P(ξ) and K ∈ GP(ξ). Then we have the following
commutative diagram:
A //

B //

C //❴❴❴
P //

G //

C //❴❴❴
K

✤
✤
✤ K

✤
✤
✤
where all rows and columns are E-triangles in ξ because ξ is closed under cobase change. It
follows from Theorem 4.16 that G ∈ P(ξ) since Y,K ∈ P(ξ). It is easy to check that the middle
row in the above diagram is split by hypothesis. So C ∈ GP(ξ) by Theorem 4.17. 
5. ξ-Gprojective model structures
Definition 5.1. (see [14, Definitions 4.1 and 4.12]) Let U , V ⊆ C be a pair of full additive
subcategories, closed under isomorphisms and direct summands. The pair (U , V) is called a
cotorsion pair on C if it satisfies the following conditions:
(1) E(U ,V) = 0;
(2) For any C ∈ C, there exists a conflation V C → UC → C satisfying UC ∈ U and V C ∈ V;
(3) For any C ∈ C , there exists a conflation C → VC → UC satisfying UC ∈ U and VC ∈ V.
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Definition 5.2. (see [14, Definition 4.2]) Let X , Y ⊆ C be any pair of full subcategories closed
under isomorphisms. Define full subcategories Cone(X ,Y) and CoCone(X ,Y) of C as follows.
These are closed under isomorphisms.
(1) C belongs to Cone(X ,Y) if and only if it admits a conflation X → Y → C satisfying
X ∈ X and Y ∈ Y;
(2) C belongs to CoCone(X ,Y) if and only if it admits a conflation C → X → Y satisfying
X ∈ X and Y ∈ Y.
Definition 5.3. (see [14, Definition 5.1]) Let (S, T ) and (U , V) be cotorsion pairs on C. Then
P = ((S, T ), (U , V)) is called a twin cotorsion pair if it satisfies E(S,V) = 0. Moreover, P is
called a Hovey twin cotorsion pair if it satisfies Cone(V,S) = CoCone(V,S).
In [14] Nakaoka and Palu laid out a correspondence between (nice enough) admissible model
structures on extriangulated categories C and Hovey twin cotorsion pairs on C. Essentially, an
admissible model structure on C is a Hovey twin cotorsion pair P = ((S, T ), (U , V)) on C. And
an admissible model structure on C is determined by the above cotorsion pairs in the following
way:
(1) f is a cofibration if it is an inflation with Cone(f) ∈ U ;
(2) f is an acyclic cofibration if it is an inflation with Cone(f) ∈ S;
(3) f is a fibration if it is a deflation with CoCone(f) ∈ T ;
(4) f is an acyclic fibration if it is a deflation with CoCone(f) ∈ V;
(5) f is a weak equivalence if there exist an acyclic fibration g and an acyclic cofibration h
such that f = gh.
The above correspondence makes it clear that an admissible model structure can be succinctly
represented by a Hovey twin cotorsion pair P = ((S, T ), (U , V)). By a slight abuse of language
we often refer to such a triple as an admissible model structure. This result is inspired from
[Ho1, Ho2, G], where the case of exact categories is studied in more details.
The ξ-Gprojective dimension ξ-GpdA of an object A ∈ C is defined inductively. If A ∈ GP(ξ)
then define ξ-GpdA = 0. Next by induction, for an integer n > 0, put ξ-GpdA 6 n if there exists
an E-triangle K // G // A //❴❴❴ in ξ with G ∈ GP(ξ) and ξ-GpdK 6 n− 1.
We define ξ-GpdA = n if ξ-GpdA 6 n and ξ-GpdA  n− 1. If ξ-GpdA 6= n for all n > 0, we
set ξ-GpdA =∞.
We let G˜P(ξ) (respectively P˜(ξ)) to denote the full subcategory of C whose objects are of
finite ξ-Gprojective (respectively ξ-projective) dimension.
Let (C,E, s) be an extriangulated category and ξ a proper class, then (C,Eξ, sξ) is an extri-
angulated category by Theorem 3.2 where Eξ := E|ξ and sξ := s|Eξ . The following is the main
result of this section.
Theorem 5.4. Let (C,E, s) be an extriangulated category satisfying Condition (WIC), ξ a proper
class and (C,Eξ , sξ) as above. If n is a non-negative integer, then the following conditions are
equivalent:
(1) sup{ξ-GpdA|A ∈ C} ≤ n.
(2) P = ((P(ξ), C), (GP (ξ),P≤n(ξ))) is an admissible model structurein on (C,Eξ, sξ).
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We have the following observation.
Lemma 5.5. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and ξ a
proper class of E-triangles. If X // Y // Z //❴❴❴ is an E-triangle in ξ such that X 6= 0
and Z ∈ GP(ξ). Then ξ-GpdX = ξ-GpdY .
Proof. The result is clear from Theorem 4.16 if one of theX or Y is ξ-Gprojective. Let ξ-GpdX =
n > 0. There exists an E-triangle KX // GX // X //❴❴❴ in ξ where GX ∈ GP(ξ) and
ξ-GpdKX = n − 1. Since Z ∈ GP(ξ), there exists an E-triangle KZ // PZ // Z //❴❴❴
in ξ where PZ ∈ P(ξ) and KZ ∈ GP(ξ). By the proof that used in Theorem 4.16, we have the
following commutative diagram
KX //

KY //

KZ

//❴❴❴
GX

// GX ⊕ PZ

// PZ

//❴❴❴
X //

✤
✤
✤ Y

✤
✤
✤
// Z

✤
✤
✤
//❴❴❴
in which all rows and columns are E-triangles in ξ. Hence GX ⊕ PZ ∈ GP(ξ) because GX and
PZ are ξ-Gprojective. Now consider the E-triangle KX // KY // KZ //❴❴❴ in ξ, where
KZ ∈ GP(ξ) and ξ-GpdKX = n− 1. We can deduce that E-GpdKY = n − 1 by induction, and
hence E-GpdY = n.
Now suppose ξ-GpdY = n > 0. So there exists an E-triangle KY // GY // Y //❴❴❴
in ξ where GY ∈ GP(ξ) and ξ-GpdKY = n− 1. Consider the following commutative diagram
KY

KY

GX //

GY //

Z //❴❴❴
X //

✤
✤
✤ Y
//

✤
✤
✤ Z
//❴❴❴
in which all rows and columns are E-triangles by Lemma 2.10. It is easy to check that these
E-triangles are C(P(ξ),−)-exact by Snake Lemma, hence these E-triangles are in ξ by Lemma
4.2. So GX ∈ GP(ξ) by Theorem 4.16 because Z and GY are ξ-Gprojective. Hence ξ-GpdX = n.
By induction now we completes the proof. 
Proposition 5.6. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and ξ
a proper class of E-triangles. Then the following are equivalent:
(1) ξ-GpdA 6 n;
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(2) For any ξ-exact complex Kn // Gn−1 // · · · // G1 // G0 // A . If all Gi
are ξ-Gprojective, then so is Kn.
Proof. (1) ⇒ (2) By assumption, there exists an E-triangle K
x
// G
y
// A
δ
//❴❴❴ in ξ
where G ∈ GP(ξ) and ξ-GpdK 6 n − 1. Since C have enough ξ-projectives, there exists an
E-triangle L
x′
// P
y′
// A
δ′
//❴❴❴ in ξ with P ∈ P(ξ). So there exists a morphism g such
that y′ = yg, it follows from Lemma 3.6(1) that there is a morphism f which gives the following
commutative diagram
L
x′
//
f

✤
✤
✤ P
g

y′
// A
δ′
//❴❴❴
K
x
// G
y
// A
δ
//❴❴❴
such that L
[
−f
x′
]
// K ⊕ P
[x g]
// G
y∗δ′
//❴❴❴ is an E-triangle. Hence it is an E-triangle in ξ as
ξ is closed under base change. Since G and P are ξ-Gprojective, we can conclude that ξ-
GpdL = ξ-GpdK 6 n− 1 by Lemma 5.5. Consider the E-triangle K1 // G0 // A //❴❴❴
in ξ, similarly, we can prove that ξ-GpdK1 = E-GpdL 6 n− 1. The proof can be completed by
induction.
(2)⇒ (1) Since C has enough ξ-projectives, there exists a ξ-exact complex
Kn // Pn−1 // · · · // P1 // P0 // A
with all Pi ∈ P(ξ). Hence Kn is ξ-Gprojective by hypothesis, which implies ξ-GpdA 6 n. 
Lemma 5.7. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and ξ a
proper class of E-triangles. If A // B // C //❴❴❴ is an E-triangle in ξ with C ∈ GP(ξ),
then it is C(−, P˜(ξ))-exact.
Proof. Since C ∈ GP(ξ), then there is an E-triangle K
g
// P
f
// C
δ
//❴❴❴ in ξ with
P ∈ P(ξ) and K ∈ GP(ξ). Next we claim that the E-triangle K
g
// P
f
// C
δ
//❴❴❴ is
C(−, P˜(ξ))-exact, that is, the sequence of abelian groups
(∗) 0 // C(C,L)
C(f,L)
// C(P,L)
C(g,L)
// C(K,L) // 0
is exact for any L ∈ C with ξ-pdL = n. If n = 0, then the sequence (∗) is exact by
Lemma 4.10(2). Assume the sequence (∗) is exact for any L ∈ C with ξ-pdL = n − 1.
Now consider the case of ξ-pdL = n. Suppose E-triangle M
x
// Q
y
// L
ρ
//❴❴❴ is an
E-triangle in ξ with Q ∈ P(ξ) and ξ-pdM = n − 1. Hence the sequence of abelian groups
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0 // C(C,M)
C(f,M)
// C(P,M)
C(g,M)
// C(K,M) // 0 is exact by induction. Since the func-
tor C(−,−) is biadditive functor, we have the the following commutative diagram
0

0

0 //❴❴❴ C(C,M)
C(C,x)
//
C(f,M)

C(C,Q)
C(f,Q)

C(C,y)
// C(C,L)
C(f,L)

//❴❴❴ 0
0 // C(P,M)
C(P,x)
//
C(g,M)

C(P,Q)
C(g,Q)

C(P,y)
// C(P,L)
C(g,Q)

// 0
0 //❴❴❴ C(K,M)
C(K,x)
//

C(K,Q)
C(K,y)
//

C(K,Q) //❴❴❴ 0
0 0
It is easy to see that the morphism C(C, x) is monic. For any morphism h : C → L, there
exists a morphism h1 : P → Q such that hf = yh1. It follows from (ET3)
op that there exists a
morphism h2 which gives the following commutative diagram:
K
g
//
h2

✤
✤
✤ P
f
//
h1

C
δ
//❴❴❴
h

M
x
// Q
y
// L
ρ
//❴❴❴
Since C(g,M) : C(P,M)→ C(K,M) is epic, h2 factors through g. Hence y factors through h by
[14, Corollary 3.5]. That is, C(C, y) is epic, which implies that the sequence of abelian groups
0 // C(C,M)
C(C,x)
// C(C,Q)
C(C,y)
// C(C,L) // 0 is exact. Similarly one can prove that
the sequence of abelian groups 0 // C(K,M)
C(K,x)
// C(K,Q)
C(K,y)
// C(K,L) // 0 is exact
as K ∈ GP(ξ). It is straightforward to prove that the sequence (∗) is exact by Lemma 3× 3. It
follows from Lemma 4.10(2) that the E-triangle A // B // C //❴❴❴ is C(−, P˜(ξ))-exact
because any E-triangle in ξ which end in P is split. 
Proposition 5.8. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and ξ
a proper class of E-triangles. Then there is an inequality E-GpdA 6 E-pdA, and the equality
holds if E-pdA <∞.
Proof. It is clear that ξ-GpdA 6 ξ-pdA. Set ξ-GpdA = n and ξ-pdA = m < ∞, then n 6 m.
Suppose n < m, there exists a ξ-projective resolution · · · // P1 // P0 // A of A with
all Pi ∈ P(ξ). For each integer i, there exists an E-triangle Ki+1 // Pi // Ki //❴❴ in ξ.
It follows from Proposition 5.6 that Kn ∈ GP(ξ), and Kn+1 ∈ P˜(ξ). Hence the E-triangle
Kn+1 // Pn // Kn //❴❴ is split since it is C(−, P˜(ξ))-exact by Lemma 5.7(1), which implies
Kn ∈ P(ξ), a contradiction. So ξ-GpdA = ξ-pdA. 
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Proposition 5.9. Let (C,E, s) be an extriangulated category satisfying Condition (WIC) and
ξ a proper class of E-triangles. If 0 6= A ∈ C and ξ-GpdA = n < ∞, then there exist E-
triangles K // G // A //❴❴ and A // L // G′ //❴❴ in ξ such that G,G′ ∈ GP(ξ), ξ-
pdK 6 n− 1 (if n = 0, this should be interpreted as K = 0) and ξ-pdL 6 n.
Proof. If n = 0, that is A ∈ GP(ξ). Hence there exists an E-triangle 0 // A // A
0
//❴❴ in ξ
such that A ∈ GP(ξ) and K = 0. On the other hand, there exists an E-triangle A→ L→ G 99K
in ξ with L ∈ P(ξ) and G′ ∈ GP(ξ).
If n = 1, then there exists an E-triangle G1 // G0 // A //❴❴ in ξ with G0, G1 ∈ GP(ξ).
Consider the E-triangle G1 // K // H //❴❴ in ξ with K ∈ P(ξ) and H ∈ GP(ξ). Hence we
have the following commutative diagram:
G1

// G0

// A //❴❴❴
K

// G

// A //❴❴❴
H

✤
✤
✤ H

✤
✤
✤
where all rows and columns are E-triangles in ξ. It follows from Theorem 4.16 that G ∈ GP(ξ),
and the middle row in the above diagram is the first required E-triangle. Since G ∈ GP(ξ), there
exists an E-triangle G // P // G′ //❴❴ in ξ with P ∈ P(ξ) and G′ ∈ GP(ξ). Hence there
exists the following commutative diagram:
K // G

// A

//❴❴❴
K // P

// L

//❴❴❴
G′

✤
✤
✤ G
′

✤
✤
✤
in which all rows and columns are E-triangles in ξ. It is clear that ξ-pdL 6 1, and the third
column in the above diagram is the second required E-triangle.
Assume that the results hold for n−1(n > 2). Since ξ-GpdA = n <∞, we have an E-triangle
K ′ // G0 // A //❴❴ in ξ with G0 ∈ GP(ξ) and ξ-GpdK
′ = n − 1. Then there exists an
E-triangle K ′ // K // G1 //❴❴ in ξ with G1 ∈ GP(ξ) and ξ-pdK 6 n − 1 by induction
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hypothesis on K ′. Hence one can get the following commutative diagram
K ′

// G0

// A //❴❴❴
K

// G

// A //❴❴❴
G1

✤
✤
✤
G1

✤
✤
✤
in which all rows and columns are E-triangles in ξ. It follows from Theorem 4.16 that G ∈ GP(ξ),
and the middle row in this diagram is the first required E-triangle. Since G ∈ GP(ξ), there is
an E-triangle G // P // G′ //❴❴ in ξ with P ∈ P(ξ) and G′ ∈ GP(ξ). Then one can get the
following commutative diagram:
K // G

// A

//❴❴❴
K // P

// L

//❴❴❴
G′

✤
✤
✤ G
′

✤
✤
✤
where all rows and columns are conflations in ξ, and ξ-pdL 6 E-pdK + 1 = n. Hence the third
column in the above diagram is the second required E-triangle. 
We are ready to prove Theorem 5.4.
Proof of Theorem 5.4. (1) ⇒ (2). Assume that sup{ξ-GpdA|A ∈ C} ≤ n. It is easy to check
that E(P≤n(ξ),P≤n(ξ)) = 0 and (P(ξ), C) is a cotorsion pair in (C,Eξ , sξ). By Lemma 5.7 and
Proposition 5.9, we have that (GP(ξ),P≤n(ξ)) is a cotorsion pair in (C,Eξ, sξ). To prove (2), we
only need to check that Cone(P≤n(ξ),P(ξ)) = CoCone(P≤n(ξ),P(ξ)) in (C,Eξ, sξ).
Let M be an object in Cone(P≤n(ξ),P(ξ)). Then there exists a conflation X → Y → M
in (C,Eξ , sξ) satisfying X ∈ P≤n(ξ) and Y ∈ P(ξ). It follows that M ∈ P≤n+1(ξ). Thus M
∈ P≤n(ξ) by Proposition 5.8, and hence there exists a conflation X → L→ G in (C,Eξ, sξ) such
that L ∈ P≤n(ξ) and G ∈ GP(ξ). On can check that G has finite ξ-projective dimension. It
follows from Proposition 5.8 that G is ξ-projective. So M belongs to CoCone(P≤n(ξ),P(ξ)),
as desired. For the reverse containment, assume that M is an object in CoCone(P≤n(ξ),P(ξ)).
Then there exists a conflation M → X → Y in (C,Eξ , sξ) satisfying X ∈ P≤n(ξ) and Y ∈ P(ξ).
It is clear that the conflation M → X → Y is split. ThusM is in P≤n(ξ), and hence M belongs
to Cone(P≤n(ξ),P(ξ)).
(2)⇒ (1) is straightforward by noting that (GP(ξ),P≤n(ξ)) is a cotorsion pair in (C,Eξ , sξ).

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The following corollary generalize [19, Theorem 5.7].
Corollary 5.10. Let C be a triangulated category and ξ a proper class of triangles. If n is a
non-negative integer, then the following conditions are equivalent:
(1) sup{ξ-GpdA|A ∈ C} ≤ n.
(2) P = ((P(ξ), C), (GP (ξ),P≤n(ξ))) is an admissible model structurein on (C,Eξ, sξ).
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